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1. Introduction and Summary
Non-relativistic string theory was determined some years ago in the context of the
study of the string theories in the background with the electric field [1, 2, 3, 4, 5,
6]. Then it was soon recognised in [7, 8, 9] that non-relativistic string theory is
consistent sector of the string theory with the manifest world-sheet conformal field
theory description that has appropriate Galilean symmetry. For the case of strings,
this can be accomplished if we consider wound strings in the presence of a background
B-field and tuning the B-field so that the energy coming from the B-field cancels
the tension of the string. Then it was shown in [13] that the similar procedure can
be performed in case of Dp-branes 2. Since Dp-branes are charged with respect to
Ramond-Ramond form Cp+1 it is possible to find the limit where the tension of the
wound Dp-brane is cancelled by the coupling to the Cp+1 field. As a result we obtain
a world-volume kappa symmetric action of a non-relativistic Dp-brane [13].
We can also ask the question whether some symmetries of the relativistic string
theories remain symmetries of the non-relativistic string theories as well. It was
shown in [15] that in the non-relativistic string theories one can find T-duality relation
between effective actions for non-relativistic Dp-branes and also one can argue that
non-relativistic D1 and D2-brane actions arise in the dimensional reduction from
non-relativistic M2-brane action.
2For related works, see [10, 11, 12, 14, 15]
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On the other hand it is well known that all Dp-branes can be interpreted as
the result of the tachyon condensation on the world-volume of unstable D-branes or
on the world-volume of D-brane anti-D-brane pair [16, 17] 3. One can then ask the
question whether non-relativistic BPS Dp-branes can be considered as the result of
the tachyon condensation on the world-volume of non-relativistic non-BPS Dp-brane.
The goal of this paper is to study this problem.
Our approach closely follows [13] with some mild differences. First of all we would
like to find non-relativistic non-BPS Dp-brane action where the tachyon contribution
has the schematic form V (T )F (ηij∂iT∂jT ) with F (u) ∼ u1/2 for large u. The reason
for this requirement is that for such a form of the non-BPS Dp-brane action one can
find the tachyon kink solution that represents codimenison one D(p-1)-brane [34].
This condition however implies that in the scaling limit that defines non-relativistic
Dp-brane from the relativistic one the tachyon has to scale in the same way as
the world-volume scalar modes that define the embedding of Dp-brane along the
directions spanned by the background Ramond-Ramond Cp form. On the other hand
if we try to apply procedure given in [13] where these modes scale with the factor that
goes to infinity we obtain that the argument of the tachyon potential goes to infinity
that however implies that the tachyon potential goes to zero. As a result the non-BPS
Dp-brane disappears in this definition of the non-relativistic limit. To resolve this
paradox we use the fact that the non-relativistic limit can be interpreted as the limit
where the world-volume scalar modes that parametrise directions transverse to the
Ramond-Ramond background are small. More precisely, since the correct definition
of the non-relativistic limit of BPS Dp-brane needs background Ramond-Ramond
form Cp+1 it is natural to split the world-volume scalar modes to two sets, one that
corresponds to the modes that parametrise directions along the Ramond-Ramond
form Cp+1 and the second one that parametrises directions transverse to it. In the
case of the ordinary BPS Dp-brane its world-volume can span the directions specified
by the background Ramond-Ramond Cp+1 form. However in case of a non-BPS Dp-
brane the situation is different since there does not exist such a Cp+1 form. On the
other hand it is well known that the non-BPS Dp-brane couples to the Ramond-
Ramond forms through the Wess-Zumino (WZ) term that contains gradient of the
tachyon and the tachyon potential [29, 30, 31, 32, 33]. We will argue that thanks to
the existence of this WZ term it is still possible to define the correct non-relativistic
non-BPS Dp-brane as well.
As the further support of our result we will study the tachyon kink on the world-
volume of a non-relativistic non-BPS Dp-brane. Using the approach given in [34] we
will construct the singular tachyon kink on the world-volume of the non-relativistic
non-BPS Dp-brane that can be interpreted as a lower dimensional non-relativistic
D(p-1)-brane. This result then suggests that we can define non-relativistic non-BPS
3For review, see [18, 19].
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Dp-brane that has the same properties as its relativistic version.
This paper is organised as follows. In the next section (2) we introduce the
bosonic part of the non-BPS Dp-brane action in type IIA or type IIB theories. Then
in section (3) we will consider its non-relativistic limit. In section (4) we will study
the tachyon kink on its world-volume. In section (5) we review the basic properties
of the supersymmetric form of the non-BPS Dp-brane in type IIA theory. Finally in
section (6) we consider its non-relativistic limit.
2. Review of non-BPS Dp-brane
In this section we review the basic facts considering the bosonic part of the non-BPS
Dp-brane action [20, 21, 22, 23] 4. The bosonic part of a non-BPS Dp-brane action
takes the form 5
S = SDBI + SWZ ,
SDBI = −τp
∫
dp+1ξe−ΦV (T )
√− detA ,
SWZ = τp
∫
Σ
V (T )dT ∧ C ∧ eF+B ,
(2.1)
where
Aij = ∂iX
M∂jX
NGMN + ∂iX
M∂jX
NBMN + Fij + ∂iT∂jT ,
Fij = ∂iAj − ∂jAi ,
(2.2)
where Ai , i, j = 0, . . . , p and X
M,N ,M,N = 0, . . . , 9 are gauge and the transverse
scalar fields on the world-volume of the non-BPS Dp-brane and T is the tachyon field.
V (T ) is the tachyon potential that is symmetric under T → −T , has maximum at
T = 0 equal to V (0) = 1 and has its minimum at T = ±∞ where it vanishes. τp
is a tension of the non-BPS Dp-brane that is related to the tension of the BPS Dp-
brane Tp as τp =
√
2Tp. Finally GMN , BMN and Φ are background metric, B-field
and dilaton respectively. We restrict to the background with flat Minkowski metric
GMN = ηMN = diag(−1, 1, . . . , 1), with vanishing B-field and constant dilaton Φ0.
In what follows we also include e−Φ0 into the definition of τp.
Note also that SWZ given in (2.1) is WZ term for a non-BPS Dp-brane that
expresses the coupling of the non-BPS Dp-brane to the Ramond-Ramond forms. In
4General properties of the tachyon effective actions were also discussed in [24, 25, 26, 27, 28].
5We work in units (2piα′) = 1. Note also that p is odd in type IIA theory while p is even in type
IIB theory.
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(2.1) Σ denotes the world-volume of the non-BPS Dp-brane and C collects all RR
n-form gauge potentials (pulled back to the world-volume) as
C = ⊕nC(n) . (2.3)
The form of the WZ term was determined from the requirement that the Ramond-
Ramond charge of the tachyon kink is equal to the charge of D(p-1)-brane [29, 30,
31, 32, 33]. In fact it was argued in [29, 34] that the consistency requires:
τp
∫
∞
−∞
V (T )dT = Tp−1 , (2.4)
where Tp−1 is a tension of a BPS D(p-1)-brane.
3. Non-relativistic limit of the non-BPS Dp-brane
In this section we define non-relativistic limit of a non-BPS Dp-brane. As was argued
in [13] the correct definition of the non-relativistic limit of BPS Dp-brane is based
on the existence of the constant background Ramond-Ramond form Cp+1 and the
BPS Dp-brane is extended in the directions determined by the orientation of Cp+1
in order to cancel Dp-brane tension by the coupling to the Cp+1 field. For non-BPS
Dp-brane there is not suitable Cp+1 form with the rank equal to the dimension of
the world-volume of a non-BPS Dp-brane. Moreover the form of the WZ term given
in (2.1) contains tachyon so that we cannot proceed exactly in the same way as in
[13]. As we argued in the introduction we define the non-relativistic limit as the
limit where the world-volume scalar modes that parametrise directions transverse to
the directions spanned by the background Ramond-Ramond form Cp are small. Then
we also demand that the tachyon and tachyon potential does not scale in the non-
relativistic limit. More precisely let us presume that the Ramond-Ramond field Cp
takes following form
Cµ0...µp−1 = −(−1)pǫµ0...µp−1 , µ, ν = 0, . . . , p− 1 . (3.1)
Then (3.1) suggests following scaling of the world-volume variables
Xµ = xµ ,
Xa = λXa ,
τp = λ
−2τNRp ,
Fij = λfij ,
Ai = λWi ,
T = T ,
(3.2)
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where a, b = p, . . . , 9. Note that we have also presumed that the world-sheet gauge
field Ai scales in the same way as the transverse modes. The non-relativistic limit is
defined as limit λ→ 0.
Now for (3.2) the matrix A takes the form
Aij = gij + λfij + ∂iT∂jT + λ
2xaxbgab ≡ Bij + λCij + λ2Dij ,
Bij = gij + ∂iT∂jT , gij = ∂ix
µ∂jx
νηµν ,
Cij = fij ,Dij = X
aXbgab .
(3.3)
Inserting (3.3) into the DBI part of the tachyon effective action and considering the
terms up to orders λ2 we obtain the non-relativistic Dp-brane in the form
SNR = −τNRp
λ2
∫
dp+1ξV (T )
√− detB−
− τNRp
2
∫
dp+1ξV (T )
√
− detB
[(
B−1
)ij
∂jX
a∂iX
bgab−
− 1
2
(
B−1
)ik
fkj
(
B−1
)jl
fli +O(λ
2)
]
.
(3.4)
Before we turn to the non-relativistic limit in the WZ term let us study in more
details the matrix B. Its form suggests that it is natural to temporarily introduce
the notation
Y I ≡ (xµ, T ) , Y p = T , I, J = 0, . . . , p (3.5)
so that we can rewrite B into the suggestive form
Bij = ∂iY
I∂jY
JgIJ ≡ EIjEJj ηIJ , ηpp = 1 . (3.6)
Using this notation it is easy to see that the divergent contribution in (3.4) can be
written as
Sdiv =
τNRp
λ2
∫
1
(p+ 1)!
V (T )EI0 ∧ . . . ∧ EIp , (3.7)
where EI ≡ EIj dξj.
Let us study the non-relativistic limit in the WZ term. We insert the pull-back
of Ramond-Ramond background form (3.1) into it and we obtain
SWZ = −τNRp
λ2
∫
V (T )dT
1
p!
(−1)pǫµ0...µp−1dXµ0 ∧ . . . ∧ dXµp−1 =
− τNRp
λ2
∫
V (T )
1
p!
ǫµ0...µp−1dX
µ0 ∧ . . . ∧ dXµp−1 ∧ dT =
− τNRp
λ2(p+ 1)!
∫
V (T )ǫI0...IpE
I0 ∧ . . . ∧ EIp .
(3.8)
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If we add (3.8) to (3.7) we obtain that all divergent contributions in the full non-
relativistic non-BPS Dp-brane cancel. As the result we obtain finite non-relativistic
non-BPS Dp-brane action
S
fin
NRp = −
τNRp
2
∫
dp+1ξV (T )
√− detB
((
B−1
)ij
∂jX
a∂iX
bgab−
− 1
2
(
B−1
)ik
fkj
(
B−1
)jl
fli
)
.
(3.9)
In the next section we will study the tachyon kink on the world-volume of the action
(3.9).
4. Tachyon kink on the world-volume of non-relativistic non-
BPS Dp-brane
In this section we will study the tachyon kink solution on the world-volume of the
non-relativistic non-BPS Dp-brane following [34] 6.
As in [34] we start with the following ansatz
T = f(a(ξp − t(ξα))) ,
Wα = wα(ξ
α) , Wp = 0 ,
xµ = xµ(ξα) , µ = 0, . . . , p− 1 ,
Xa = xa(ξα) , a = p, . . . , 9 ,
(4.1)
where ξα, α, β = 0, 1, . . . , p− 1 are coordinates tangential to the the world-volume of
the kink. The function f introduced in (4.1) satisfies
f(−u) = −f(u) , f ′(u) > 0 ∀u , f(±) = ±∞ (4.2)
but is otherwise an arbitrary function of the argument u. a is a constant that we
shall take to ∞ in the end. In this limit we have T =∞ for ξp > 0 and T = −∞ for
ξp < 0.
The first goal of our analysis is tho shown that the action (3.9) evaluated on the
ansatz (4.1) reproduces in the limit a → ∞ the action for non-relativistic D(p-1)-
brane
SNR(p−1) = −TNR(p−1)
2
∫
dpξ
√
− det g˜(g˜αβ∂αxa∂βxbgab − 1
2
g˜αβfβγ g˜
γδfδα) ,
(4.3)
6For generalisation of this approach to the curved background see [35, 36]
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where
g˜ = ∂αx
µ∂βx
νηµν , µ , ν = 0, . . . , p− 1 ,
fαβ = ∂αwβ − ∂βwα , α, β = 0, . . . , p− 1 (4.4)
and xa , a, b = p, . . . , 9 parametrise positions of non-relativistic Dp-brane transverse
to its world-volume. For letter purposes we also determine the equations of motion
that arise from (4.3)
−1
2
∂α
[
ηµν∂βx
ν g˜βα
√
− det g˜
(
g˜γδ∂δx
a∂γx
bgab − 1
2
g˜γδfδω g˜
ωσfσγ
)]
−
−∂α[
√
− det g˜g˜αβηµν∂γxν g˜γδ∂δxa∂βxbgab] +
+∂α[
√
− det g˜g˜αβfβσg˜σωfωδg˜δγ∂γxνηνµ] = 0
(4.5)
that is the equation of motion for xµ. On the other hand the equation of motion for
xa takes much simpler form
∂α[
√
− det g˜g˜αβ∂βxbgba] = 0 . (4.6)
Finally, we determine the equation of motion for wα
∂β[
√
− det g˜g˜βδfδγ g˜γα] = 0 . (4.7)
Let us now insert the ansatz (4.1) into the matrix B defined in (3.3)
Bij =
(
g˜αβ + a
2f ′2∂αt∂βt −a2f ′2∂αt
−a2f ′2∂βt a2f ′2
)
(4.8)
and evaluate its determinant
detB =
∣∣∣∣∣Bαβ −BαyB
−1
pp Bpβ 0
Bpβ Bpp
∣∣∣∣∣ = a2f ′2 det g˜αβ (4.9)
and its inverse matrix B−1(
B−1
)pp
= g˜αβ∂αt∂βt ,
(
B−1
)pα
= ∂βtg˜
βα ,(
B−1
)αp
= g˜αβ∂βt ,
(
B−1
)αβ
= g˜αβ .
(4.10)
Note that the form of the matrix B−1 is exact for all a. If we now insert (4.1), (4.9)
and (4.10) into (3.9) and consider the limit of large a we obtain
S
fin
NRp =
TNR(p−1)
2
∫
dpξ
√
− det g˜
[
g˜αβ∂αx
a∂βx
bgab−
− 1
2
g˜αβfβγ g˜
γδfδα
]
,
(4.11)
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where we have used the fact that
τNRp
2
∫
dξpV (f(aξp))af ′(ξp) =
τNRp
2
∫
dmV (m) =
TNR(p−1)
2
. (4.12)
Comparing (4.3) with (4.11) we obtain the result that the tachyon kink reproduces
the non-relativistic D(p-1)-brane action. We also see that t(ξ) does not appear in
(4.11) and hence its interpretation is unclear at present.
Note however that this result does not prove that the dynamics of the kink is
governed by the action (4.3). To do this we have to show, following [34], that any
solution of the equations of motion derived from (4.3) will produce a solution of the
equations of motions derived from (3.9) under the identification (4.1).
In order to establish this correspondence we firstly determine the equations of
motions that follow from (3.9). By varying the action (3.9) with respect to T we
obtain
1
2
V ′(T )
√− detB
((
B−1
)ij
∂jX
a∂iX
bgab − 1
2
(
B−1
)ik
fkj
(
B−1
)jl
fli
)
−
− 1
2
∂i
[
∂jT
(
B−1
)ji√− detB[(B−1)ij ∂jXa∂iXbgab − 1
2
(
B−1
)ik
fkj
(
B−1
)jl
fli]
]
−
− ∂l[V (T )
√− detB
(
B−1
)il
∂kT
(
B−1
)kj
∂iX
a∂jX
b] +
+ ∂m[V (T )
√
− detB
(
B−1
)im
∂nT
(
B−1
)nk
fkj
(
B−1
)jl
fli] = 0 .
(4.13)
In the same way we determine the equations of motion for xµ
− 1
2
∂i
[
V (T )ηµν∂jx
ν
(
B−1
)ji√− detB((B−1)ij ∂jXa∂iXbgab−
− 1
2
(
B−1
)ik
fkj
(
B−1
)jl
fli
)]
−
− ∂m[V (T )
(
B−1
)im
ηµν∂kx
ν
(
B−1
)kj
∂jX
a∂iX
bgab] +
+ ∂m[V (T )
√− detB
(
B−1
)im
ηµν∂nx
ν
(
B−1
)nk
fkj
(
B−1
)jl
fli] = 0
(4.14)
and the equations of motion for Xa
∂i[V (T )
√− detB
(
B−1
)ij
∂jX
bgba] = 0 . (4.15)
Finally, we determine the equation of motion for Wi
∂j [V (T )
√− detA
(
B−1
)jk
fkl
(
B−1
)li
] = 0 . (4.16)
Now we will solve the equations of motions (4.13),(4.15),(4.16) with the ansatz (4.1).
We start our discussion with the equation (4.15). Inserting (4.9) , (4.10) and (4.1)
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to (4.15) we obtain
∂p[V (T )
√− detB
(
B−1
)xα
∂αX
bgba] + ∂β[V (T )
√− detB
(
B−1
)βα
∂αX
bgba] =
= a∂p[V f
′]
√
− det g˜∂βtg˜βα∂αxbgba + a∂β [V f ′]
√
− det g˜g˜βα∂αxbgba +
+ af ′V (T )∂β[
√
− det g˜g˜βα∂αxbgba] = af ′V (T )∂β[
√
− det g˜g˜βα∂αxbgba] ,
(4.17)
where we have used the fact that
∂α[V (f)af
′] = −∂αt∂p[V (f)af ′] . (4.18)
Now the final form of the equation (4.17) implies that the equation of motion (4.15)
is obeyed for the ansatz (4.1) on condition that xa obeys (4.6). In the same way we
proceed with (4.16). For i = p we obtain
∂j [V (T )
√− detB
(
B−1
)jk
fkl
(
B−1
)lp
] = −∂p[V af ′]
√
− det g˜∂βtg˜βαfαδg˜δγ∂γt
− af ′V (T )∂α[
√
− det g˜g˜αγfγβ g˜βδ∂δt] = −af ′V (T )
√
− det g˜g˜αγfγβ g˜βδ∂α∂δt−
− af ′V (T )∂α[
√
− det g˜g˜αγfγβ g˜βδ]∂δt = −af ′V (T )∂α[
√
− det g˜g˜αγfγβ g˜βδ]∂δt ,
(4.19)
where in the first step we have used the fact that the expression proportional to
∂p[V af
′] vanishes thanks to fact that g˜αβ is symmetric while fαβ is antisymmetric.
In the second step we have again used the antisymmetry of f so that
g˜αγfγβ g˜
βδ∂α∂δt = 0 .
(4.20)
Then the final form of the equation (4.19) implies that the ansatz (4.1) solves the
equation of motion (4.16) on condition that the modes wα, x
a, xµ obey (4.7).
We can proceed in the same way in case when i in (4.16) is equal to β and we
get
∂j [V (T )
√− detB
(
B−1
)jk
fkl
(
B−1
)lβ
] = af ′V ∂α[
√
− det g˜g˜αγfγδg˜δβ ] .
(4.21)
This result again implies that the ansatz (4.1) obeys the equation of motion (4.16)
on condition that wα, x
µ, xa solve (4.7).
Finally we will analyse the tachyon equation of motion (4.13). To simplify the
calculation we use the fact that
(
B−1
)ij
Bjp = δ
i
p , Bpj
(
B−1
)ji
= δip (4.22)
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and then using (4.8) we obtain
(
B−1
)ip − (B−1)iα ∂αt = 1
a2f ′2
δip .
(4.23)
Let us start with the expression on the first and the second line in (4.13)
1
2
V ′(T )
√− detB
((
B−1
)ij
∂jX
a∂iX
bgab − 1
2
(
B−1
)ik
fkj
(
B−1
)jl
fli
)
−
− 1
2
∂i
[
∂jT
(
B−1
)ji√− detB [(B−1)ij ∂jXa∂iXbgab − 1
2
(
B−1
)ik
fkj
(
B−1
)jl
fli
]]
=
=
1
2
V ′(T )
√− detB
((
B−1
)ij
∂jX
a∂iX
bgab − 1
2
(
B−1
)ik
fkj
(
B−1
)jl
fli
)
−
− 1
2
∂i
[
V (f)
1
a2f ′2
δip
√
− detB
[(
B−1
)ij
∂jX
a∂iX
jgij − 1
2
(
B−1
)ik
fkj
(
B−1
)jl
fli
]]
= 0 ,
(4.24)
where we have used (4.23). Moreover, using (4.23) in remaining terms in (4.13) we
get that all these terms vanish. We see that the ansatz (4.1) solves the equation
of motion (4.13) for arbitrary t(ξ). In fact this is satisfactory result since we work
with the action where the world-volume diffeomorphism invariance is not fixed and
hence ξp is equivalent to ξp+ t(ξ). This fact also implies that it is natural to consider
t(ξ) as a parameter of the gauge diffeomorphism transformations and hence it has
no physical significance.
Let us outline the results derived above. We have shown that the dynamics of the
massless modes given in (4.1) is governed by the action (4.3). This result supports
the interpretation of the tachyon kink as the D(p-1)-brane.
5. Supersymmetric Relativistic Non-BPS Dp-brane
In this section we define supersymmetric form of a non-relativistic non-BPS Dp-
brane. We firstly review the basic facts about non-BPS D-branes in Type IIA theory,
following [20] 7. Let ξi, i, j = 0, ..., p are world-volume coordinates on a D-brane. On
a non-BPS Dp-brane world-volume we have a 32 component anti-commuting field θ
that transforms as a Majorana spinor of the 10 dimensional Lorentz group. We also
denote ΓM the ten dimensional gamma-matrices that can be chosen real by taking
charge conjugation matrix C = Γ0. These matrices obey the anti-commutation
relation
{ΓM ,ΓN} = 2ηMN (5.1)
7For non-BPS D-brane in Type IIB theory the situation is basically the same with difference in
chirality of the Majorana-Weyl fermions.
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with ηMN = (−1, 1, ..., 1). We also introduce Γ11 = Γ0...Γ9, (Γ11)2 = 1.
The supersymmetric generalisation of the the DBI part of the effective action for
a non-BPS Dp-brane has a form [20, 21, 22, 23]:
SDBI = −τp
∫
dp+1ξV (T )
√
− det(Gij + Fij + ∂iT∂jT ) = −
∫
LDBI , (5.2)
where
ΠMi = ∂iX
M + iθΓM∂iθ , Gij = ηMNΠMi ΠNj (5.3)
and
Fij = Fij − bij , Fij = ∂iAj − ∂jAi . (5.4)
There also exists the supersymmetric generalisation of the WZ term
SWZ = τp
∫
Σ
V (T )dT ∧ Ωp =
∫
Σ
LWZ . (5.5)
The form Ωp expresses the coupling of the non-BPS Dp-brane to the Ramond-
Ramond fields [21]. In particular, its bosonic part denotes the pull back of the
Ramond-Ramond fields and the combination of the field strength F . This part
vanishes for vanishing Ramond-Ramond background but there is a part of Ωp that
survives even in the absence of any Ramond-Ramond background [37, 38, 39, 40].
Since the explicit form of Ωp is complicated we introduce, following [13] (p+1) form
hp+1 such that
hp+1 = dΩp . (5.6)
For type IIA non-BPS Dp-branes (p-odd) the forms b, hp+1 are equal to
b = −iθΓ11ΓMdθ ∧ (ΠM − i
2
θΓMdθ) ,
hp+1 = −(−1)nidθ ∧ Tp−1 ∧ dθ , n = p− 1
2
,
(5.7)
where Tp−1 is p − 1 form. To define it, we introduce the formal sum of differential
forms
TA =
∑
p′=even
Tp′ = eFCA , (5.8)
where
CA = Γ11 +
1
2!
ψ2 +
1
4!
Γ11ψ
4 +
1
6!
ψ6 + . . . (5.9)
and
ψ = ΠMΓM . (5.10)
One can shown that the non-BPS Dp-brane action is invariant under rigid super-
symmetry variations but it is not invariant under local κ symmetry transformations
[20]. The absence of this local symmetry implies that we cannot gauge away one half
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of the fermions and hence the world-volume theory contains the correct number of
massless degrees of freedom [20].
We can generalise the analysis presented in the previous section and switch on
one more coupling in the world-volume of non-BPS Dp-brane consistent with all
symmetries of the action [13]. From the space-time point of view, this is equivalent
to turning on a closed Ramond-Ramond p-form Cp which does not modify the su-
pergravity equations of motion. Then the total non-BPS Dp-brane action takes the
form
S = −
∫
dp+1ξLDBI +
∫
LWZ +
∫
LCp , (5.11)
where
LCp = τpV (T )dT ∧ f ∗Cp , (5.12)
where f ∗ is the pullback of Cp on the world-volume of non-BPS Dp-brane.
6. Non-relativistic non-BPS Dp-brane with presence of fermions
We derive the action for non-relativistic non-BPS Dp-brane from the supersymmetric
form of the relativistic non-BPS Dp-brane action. We again closely follow [13].
The non-relativistic limit is obtained by decoupling some charged light degrees
of freedom that obey non-relativistic dispersion relation from the full relativistic
theory. This decoupling is achieved in the similar way as in section (2). In other
words we demand that the scalar modes that parametrise directions transverse to the
background Ramond-Ramond p-form Cp are small. Considering fermionic degrees of
freedom we will scale them in the way that is equivalent to the scaling introduced in
[11, 13]
Xµ = xµ ,
Xa = λXa ,
τp = λ
−2τNRp ,
Fij = λfij ,
Ai = λWi ,
T = T ,
θ = θ− + λθ+ ,
Cµ0...µp−1 = −ǫµ0...µp−1 ,
(6.1)
where XM has been split in Xµ , µ = 0, . . . , p− 1 and Xa, a = p, . . . , 9. The Xµ are
coordinates of target space parallel to the orientation of Cp and X
a are transverse
to it. Finally λ is scaling parameter that is sent to zero in the end.
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The scaling of fermions depends on the splitting of the fermions under the matrix
Γ∗:
Γ∗θ± = ±θ± . (6.2)
The matrix Γ∗ is defined as
Γ∗ = (−1)n+1Γ0...p−1Γn+111 , 2n = p− 1 (6.3)
and it obeys following relations
θ± = ±(−1)
p+1
2 θ±Γ∗ , Γ∗Γ11 = −Γ11Γ∗ ,
Γ∗Γ
µ = (−1) p+12 ΓµΓ∗ , Γ∗Γa = (−1)
p−1
2 ΓaΓ∗ .
(6.4)
Note also that Γ2
∗
= I. Now we insert (6.1) to the supertranslation 1-form given in
(5.3) and we obtain
Πµ = eˆµ + iλ2θ+Γ
µdθ+ , eˆ
µ = eµ + iθ−Γ
µdθ− , e
µ = dxµ ,
Πa = λua , ua = dxa + 2iθ+Γ
adθ− , x
a = Xa + iθ−Γ
aθ+ .
(6.5)
In the same way we determine the scaling of the form F
F = λF (1) + λ3F (3) ,
F (1) = f + i
2
(θ+ΓµΓ11dθ− + iθ−ΓµΓ11dθ−)(eˆ
µ − i
2
θ−Γ
µdθ−) +
+ iθ−ΓaΓ11dθ−(u
a − i
2
θ−Γ
adθ+ − i
2
θ+Γ
adθ+) ,
F (3) = 1
2
(θ+ΓµΓ11dθ− + θ−ΓµΓ11dθ−)θ+Γ
µdθ+
+ iθ+Γ11Γadθ+(u
a − i
2
θ−Γ
adθ+ − i
2
θ+Γ
adθ+) .
(6.6)
Following [13] we will keep λ small but finite in the intermediate computations and
only send λ to zero in the end. For that reason we keep explicitly terms in the action
that scale as 1
λ
(that are divergent) and terms that are independent on λ (that are
finite). We also drop terms that scale as λ since they cannot contribute when we
take the limit λ→ 0 at the end of the analysis.
More precisely, if we insert (6.5) into G we obtain
Gij = ΠMi ΠNj ηMN = G(0)ij + λ2G(2)ij +O(λ3) ,
G
(0)
ij = eˆ
µ
i eˆ
ν
j ηµν , G
(2)
ij = 2ieˆ
µθ+Γ
νdθ+ηµν + u
a
i u
b
jδab ,
(6.7)
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where we have restricted to the terms up to order λ2. Then if we insert (6.6) and
(6.7) into the DBI part of the tachyon effective action (5.2) we obtain supersymmetric
form of the non-relativistic non-BPS Dp-brane action in Type IIA theory
SNR,DBI = −τNRp
λ2
∫
dp+1ξV (T )
√
− detB−
− τNRp
2
∫
dp+1ξV (T )
√− detB
((
B−1
)ij
G
(2)
ji −
− 1
2
(
B−1
)ij F (1)jk (B−1)klF (1)li
)
+O(λ) ,
(6.8)
where
Bij = G
(0)
ij + ∂iT∂jT = eˆ
µ
i eˆ
ν
j ηµν + ∂iT∂jT . (6.9)
In order to carefully treat with the divergent term in (6.8) we perform the same
simplification as in section (2) and temporarily write
Bij = eˆ
I
i eˆ
J
j ηIJ , I, J = 0, . . . , p ,
eˆIi = eˆ
µ
i , for µ = I = 0, . . . , p− 1 , eˆpi = ∂iT .
(6.10)
With the help of (6.10) we can rewrite the divergent term in (6.8) as
− τNRp
λ2
∫
dp+1ξV (T )
√− detB =
=
τNRp
λ2(p+ 1)!
∫
V (T )ǫI0...Ip eˆ
I0 ∧ . . . ∧ eˆIp ≡ 1
λ2
∫
dp+1ξLdivDBI .
(6.11)
Now we insert (6.1) into the WZ term. As in [13] we easily obtain
τphp+1 =
τNRp
λ2
h
(2)
p+1 + τNRph
(0)
p+1 +O(λ
2) . (6.12)
The superficially divergent term can be determined as in [13] and takes the form
h
(2)
p+1 = −idθ− ∧
1
(p− 1)! eˆ
µ1 ∧ . . . ∧ eˆµp−1ǫµ1...µp−1νΓν ∧ dθ− =
= −ǫνµ1...µp−1
1
(p− 1)!deˆ
ν ∧ eˆµ1 ∧ . . . ∧ eµp−1 .
(6.13)
Now we consider following expression
d(dp+1ξLdiv) = −d(dp+1ξLdivDBI) + d(V (T )dT ∧ Ωp)div =
= τNRpV (T )
[
d
(
1
(p+ 1)!
ǫI0...Ip eˆ
I0 ∧ . . . ∧ eˆIp
)
+ dT ∧ hp+1
]
=
= τNRpV (T )
[
1
p!
ǫJI1...Ipdeˆ
J ∧ eˆI1 ∧ . . . ∧ eˆIp + dT ∧ hp+1
]
= 0
(6.14)
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using the fact that
dV ∧ eˆp = dV
dT
eˆp ∧ eˆp = 0 , d(dT ) = 0 (6.15)
and also
− dT ∧ ǫνµ1...µp−1
1
(p− 1)!deˆ
ν ∧ eˆµ1 ∧ . . . ∧ eˆµp−1 =
− (−1)(p+1)ǫνµ1...µp−1
1
(p− 1)!deˆ
ν ∧ eˆµ1 ∧ . . . ∧ eˆµp−1 ∧ dT =
= − 1
p!
ǫJI1...Ipdeˆ
J ∧ eˆI1 ∧ . . . ∧ eˆIp ,
(6.16)
where we have used the definition of the exterior derivative d and also the fact that
for type IIA non-BPS Dp-brane p is odd.
As the last term in (6.14) involves only the terms with fermions [13], this can-
cellation removes the terms with fermions in LdivDBI . There remains the pure bosonic
term in LdivDBI that is
−dp+1ξLdivDBI,bos = τNRpV (T )
1
(p+ 1)!
ǫI0...Ipe
I0 ∧ . . . ∧ eIp . (6.17)
This term can be cancelled by turning on a closed Ramond-Ramond form Cp that
gives an contribution to the WZ term
∫
LdivCp = −τNRp
∫
V (T )dT ∧ 1
p!
ǫµ0...µp−1dx
µ0 ∧ . . . ∧ dxµp−1 =
− τNRp
∫
V (T )
1
(p+ 1)!
ǫI0...Ipe
I0 ∧ . . . ∧ eIp .
(6.18)
Then we obtain the finite part of the supersymmetric generalisation of the non-
relativistic non-BPS Dp-brane action in the form
SNR = −τNRp
∫
dp+1ξV (T )
√− detB
[
i
(
B−1
)ij
θ+eˆ
µ
i Γ
νηµν∂jθ++
+
1
2
(
B−1
)ij
uai u
b
jgab −
1
4
(
B−1
)ij F (1)jk (B−1)klF (1)li
]
+
+ τNRp
∫
V (T )dT ∧ Ω(0)p ,
(6.19)
where Ω(0)p is the non-relativistic WZ term that has the same form as in case of
non-relativistic BPS D(p-1)-brane.
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Our goal is to shown that the world-volume action for non-relativistic D(p-1)-
brane in Type IIA theory anises from the action (6.19) as the tachyon kink. Recall
that the action for non-relativistic D(p-1)-brane in type IIA theory has the form [13]
SBPSNR = −TNR(p−1)
∫
dpξ
√
− det g˜
(
ig˜αβθ+eˆ
µ
αΓ
νηµν∂β θ˜+ +
1
2
g˜αβu˜aαu˜
b
βgab−
− 1
4
g˜αβF˜ (1)βγ g˜γδF˜ (1)δα
)
+ TNR(p−1)
∫
Ω(0)p ,
(6.20)
where
g˜αβ = ˜ˆe
µ
α
˜ˆe
ν
βηµν ,
˜ˆe
µ
β = e˜
µ + iθ˜−Γ
µdθ˜− , e˜
µ = dx˜µ ,
u˜a = dx˜a + 2iθ˜+Γ
adθ˜−, x˜
a = X˜a + iθ˜−Γ
aθ˜+ ,
(6.21)
and where F (1) has the same form as in (6.6) with the gauge field w˜α.
In order to show that the tachyon kink on the world-volume of the supersym-
metric non-relativistic non-BPS Dp-brane describes the non-relativistic BPS D(p-1)-
brane we should perform the same analysis as in section (2). As the first step we
consider the ansatz
T = f(a(ξp − t(ξα))) ,
Wα(ξ
p, ξα) = w˜α(ξ
α) , Wp = 0 ,
xµ(ξp, ξα) = x˜µ(ξα) , Xa(ξp, ξα) = x˜a(ξα) ,
θ+(ξ
p, ξα) = θ˜+(ξ
α) , θ−(ξ
p, ξα) = θ˜−(ξ
α)
(6.22)
and insert it to the matrix B so that we obtain
Bij =
(
g˜αβ + a
2f ′2∂αt∂βt −a2f ′2∂αt
−a2f ′2∂βt a2f ′2
)
. (6.23)
Then we also get
detB = a2f ′2 det g˜αβ (6.24)
and
(
B−1
)pp
= g˜αβ∂αt∂βt ,
(
B−1
)pα
= ∂βtg˜
βα ,(
B−1
)αp
= g˜αβ∂βt ,
(
B−1
)αβ
= g˜αβ .
(6.25)
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Then it is easy to see that when we insert (6.22),(6.23),(6.24) and (6.25) into (6.19),
perform the integration over ξp and use the relation (4.12) we obtain the non-
relativistic D(p-1)-brane action (6.20).
To show the complete equivalence we should check that the ansatz (6.22) solves
the equations of motion that arise from (6.19). However from the form of the ansatz
(6.22) and corresponding matrix B it is clear that the ansatz solves these equations
on conditions that the massless modes given there solve the equations of motion that
follow from (6.20).
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